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Abstract 

One-way quantum finite automata (IQFA) proposed by Moore and Crutchfield and by 
Kondacs and Watrous accept only subsets of regular languages with bounded error. In 
this paper, we develop a new computing model of IQFA, namely, one-way quantum finite 
automata together with classical states (IQFAC for short). In this model, a component of 
classical states is added, and the choice of unitary evolution of quantum states at each step 
is closely related to the current classical state. IQFAC can accept all regular languages with 
no error, and in particular, IQFAC can accept some languages with essentially less number 
of states than deterministic finite automata (DFA). The main technical results are as follows. 
(1) We prove that the set of languages accepted by IQFAC with bounded error consists 
precisely of all regular languages. (2) We show that, for any prime number m > 2, there 
exists a regular language L^(m) whose minimal DFA needs 0{m) states and that can not be 
accepted by the IQFA proposed by Moore and Crutchfield and by Kondacs and Watrous, 
but there exists IQFAC accepting L^(m) with only constant classical states and 0(log(m)) 
quantum basis states. Analogous results for multi-letter automata are also established. (3) 
By a bilinearization technique we prove that any two IQFAC and A2 are equivalent if 
and only if they are (/cini)^ + (A;2n2)^ — 1-equivalent, and there exists a polynomial-time 
0([(fcini)^ -|- (A:2n2)^]^) algorithm for determining their equivalence, where ki and ^2 are the 
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numbers of classical states of Ai and A2, as well as ni and n2 are the numbers of quantum 
basis states of ^1 and A2, respectively. Finally, some other issues are addressed for further 
consideration. 

Keywords: Quantum computing; Quantum finite automata; Equivalence; Regular lan- 
guages; Deterministic finite automata; Decidability; State complexity; Topological automata 

1. Introduction 

Quantum computers — the physical devices complying with quantum mechanics were first 
suggested by Benioff [3 and Feynman [12] and then formalized further by Deutsch JT]. A 
main goal for exploring this kind of model of computation is to clarify whether comput- 
ing models built on quantum physics can surpass classical ones in essence. Actually, in 
1990's Shor's quantum algorithm for factoring integers in polynomial time [3l] and after- 
wards Grover's algorithm of searching in database of size n with only 0{^/n) accesses |13j 
have successfully shown the great power of quantum computers. This intriguing field has at- 
tracted much attention since then |251I14| . Clarifying the power of some fundamental models 
of quantum computation has become of interest |14| . 

Quantum finite automata (QFA) can be thought of as a theoretical model of quantum 
computers in which the memory is finite and described by a finite-dimensional state space 
[1], as finite automata are a natural model for classical computing with finite memory \17\ . 
As mentioned in [16], one of the motivations to study QFA is to provide some ideas to 
investigate the relation of classical and quantum computational complexity classes. This 
kind of theoretical models was firstly studied by Moore and Crutchfield [23], Kondacs and 
Watrous |19j . and then Ambainis and Freivalds [2], Brodsky and Pippenger [9], and other 
authors (e.g., the references in [29]). The study of QFA is mainly divided into two ways: 
one is one-way quantum finite automata (IQFA) whose tape heads move one cell only to 
right at each evolution, and the other two-way quantum finite automata (2QFA), in which 
the tape heads are allowed to move towards right or left, or to be stationary. According 
to the measurement times in a computation, IQFA have two types: measure-once IQFA 
(MO-IQFA) initiated by Moore and Crutchfield [23] and measure-many IQFA (MM-IQFA) 
studied first by Kondacs and Watrous [19]. In MO-IQFA, there is only a measurement 
for computing each input string, performing after reading the last symbol; in contrast, in 
MM-IQFA, measurement is performed after reading each symbol, instead of only the last 
symbol. 

Though MM-IQFA can accept more languages than MO-IQFA with bounded error [2], 
both of them accept proper subsets of regular languages [3 [5]. Another model of IQFA 
with a measurement is called multi-letter IQFA, proposed in [iB]. In multi-letter IQFA, 
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there are multi-reading heads. Roughly speaking, a A;-letter IQFA is not limited to seeing 
only one, the just-incoming input letter, but can see several earlier received letters as well. 
Though multi-letter IQFA can accept some regular languages not acceptable by MM-IQFA, 
they still accept a proper subset of regular languages. Therefore, in general, IQFA with a 
measurement accept some proper subsets of regular languages, but some models of IQFA with 
measurement performed after reading each input symbol can accept all regular languages; for 
example, IQFA with control languages (IQFACL, for short) proposed in [8] accept all regular 
languages (and only regular languages) [23]. However, the measurements in IQFACL differ 
from those in MM-IQFA proposed in |19j . 

Paschen [26] presented a different IQFA by adding some ancilla qubits to avoid the re- 
striction of unitarity, and this model is called an ancilla IQFA. Indeed, in ancilla IQFA, the 
transition function corresponding to every input symbol is described by an isometry mapping, 
instead of a unitary operator. In [26], it was proved that ancilla IQFA can recognize any 
regular language with certainty. Following the idea in Bennett [1], Ciamarra [lOj proposed 
another model of IQFA whose computational power was shown to be at least equal to that 
of classical automata. For convenience, we call the IQFA defined in [TO] as Ciamarra IQFA 
named after the author. In fact, the internal state of a Ciamarra IQFA evolves by a trace- 
preserving quantum operation. In addition, in [22] it was proved that both ancilla IQFA and 
Ciamarra IQFA recognize only regular languages. 

Hence, proposing and exploring some more practical models of quantum computation is 
an intriguing problem and may provide more help to study the physical models of quantum 
computers. Indeed, motivated by the implementations of quantum computers using nucleo- 
magnetic resonance (NMR), Ambainis et al. [I] proposed another model of IQFA, namely, 
Latvian IQFA (L-IQFA, for short). In L-IQFA, measurement is also allowed after reading 
each input symbol, but they also accept a proper subset of regular languages [1]. 

Though ancilla IQFA and Ciamarra IQFA can accept all regular languages, their evolu- 
tion operators of states are general quantum operations instead of unitary operators. IQFA 
with pure states and unitary evolutions usually have less recognition power than determin- 
istic finite automata (DFA) due to the unitarity (reversibility) of quantum physics and the 
finite memory of finite automata. IQFACL can accept all regular languages but their mea- 
surement is very complicated. However, one would expect a quantum variant to exceed (or at 
least to be not weaker than) the corresponding classical computing model, and such quantum 
computing models are practical and feasible as well. For this reason, we think that a quan- 
tum computer should inherit the characteristics of classical computers but further advance 
classical component by employing quantum mechanics principle. 

Motivated by this idea, a new model of quantum automata including a classical component 
was outlined in [33] . Herein, we reformulate the definition of this new model of MO-IQFA, 
namely, IQFA together with classical states (IQFAC, for short), and in particular, we inves- 
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tigate some of the basic properties of this new model. As MO-IQFA [23l[9], IQFAC execute 
only a measurement for computing each input string, following the last symbol scanned. In 
this new model, we preserve the component of DFA that is used to control the choice of 
unitary transformation for scanning each input symbol. We now describe roughly a IQFAC 
A computing an input string, delaying the details until Section 2. 

At start up, automaton A is in an initial classical state and in an initial quantum state. 
By reading the first input symbol, the classical transformation results in a new classical state 
as current state, and, the initial classical state together with current input symbol assigns 
a unitary transformation to process the initial quantum state, leading to a new quantum 
state as current state. Afterwards, the machine reads the next input symbol, and similar to 
the above process, its classical state will be updated by reading the current input symbol 
and, at the same time, with the current classical state and input symbol, a new unitary 
transformation is assigned to execute the current quantum state. Subsequently, it continues 
to operate for the next step, until the last input symbol has been scanned. According to 
the last classical state, a measurement is assigned to perform on the final quantum state, 
producing a result of accepting or rejecting the input string. 

Therefore, a IQFAC performs only one measurement for computing each input string, 
doing so after reading the last symbol. However, the measurement is chosen according to 
the last classical state reached after scanning the input string. Thus, when a IQFAC has 
only one classical state, it reduces to an MO-IQFA [23^ [9]. On the one hand, IQFAC model 
develops MO-IQFA by adding DFA's component, and on the other hand, IQFAC advance 
DFA by employing the fundamentals of quantum mechanics. 

We want to stress that IQFAC are not the one-way version of two-way finite automata 
with quantum and classical states (2QCFA for short) proposed by Ambains and Watrous [3]. 
One of the differences is thatin the one-way version of 2QCFA, after the tape head reads 
an input symbol, either a measurement or a unitary transformation is performed, while in 
IQFAC there is no intermediate measurement, and a single measurement is performed only 
after scanning the input string. 

Though IQFAC make only one measurement for computing each input string and the 
evolutions of states are unitary instead of general operations, the set of languages accepted 
by IQFAC (with no error) consists precisely of all regular languages. Therefore, IQFAC 
have more recognition power than MO-IQFA. As we know, the set of languages accepted 
by IQFACL is constituted by all regular languages [24j, but IQFACL need measurement 
after reading each input symbol and the measurement is not only restricted to accepting, 
rejecting, and non-halting, but also other results related to the control language attached to 
the machine. Therefore, the computing process of a IQFACL is usually much more compli- 
cated than that of a IQFAC. On the other hand, measuring may lead to more errors for the 
machine. 
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It should be stressed that IQFAC can accept some regular languages with exponentially 
less states than corresponding DFA [IT], and there is no MO-IQFA [23j, or MM-IQFA [T9] . 
or multi-letter IQFA [6] that can accept these languages with bounded error. Hence, in 
a way, IQFAC can be thought of as a more practical model of QFA, showing better state 
complexity than DFA due to its quantum computing component, and stronger recognition 
power of languages than MO-IQFA, MM-IQFA, and multi-letter IQFA. Furthermore, for 
accepting the same regular language, we will show that IQFAC have better state complexity 
than IQFACL. 

The main technical contributions of the paper contain five aspects. In Section 2, after 
reviewing some existing IQFA models, we define IQFAC formally and then prove that the 
set of languages accepted by IQFAC with bounded error consists precisely of all regular 
languages. Here we used a technique of topological automata |I8] to show this result. Indeed, 
we can also prove it with an alternative method in detail, based on a well-know technique for 
one-way probabilistic automata by Rabin [31] and already applied for MM-IQFA by Kondacs 
and Watrous [19], but the process is much longer, so we here use a technique of topological 
automata. 

Then, in Section 3, we study the state complexity of IQFAC. We show that, for any 
prime m > 2, there exists a regular language Lm whose minimal DFA needs m + 1 states 
and neither MO-IQFA nor MM-IQFA can accept L^, but there exists a IQFAC accepting 
Lm with only two classical states and 0(log(m)) quantum basis states. In addition, we show 
that, for any m > 2, and any input string z, there exists a regular language Lz{m) that 
can not be accepted by any multi-letter IQFA or MO-IQFA, but there exists a IQFAC Am 
accepting it with only 2 classical states and 0(log(m)) quantum basis states. In contrast, 
the minimal DFA accepting Lz{m) has {\z\ + l)m states, where \z\ denotes the length of z. 

In Section 4, we study the equivalence problem of IQFAC. Any two IQFAC Ai and A2 
over the same input alphabet S are equivalent (resp. /c-equivalent) iff their probabilities for 
accepting any input string (resp. length not more than A;) are equal. We reformulate any 
given IQFAC with a bilinear computing machine. According to |3 H 127 1 1^6] . it follows that 
IQFAC Ai and A2 over the same input alphabet S are equivalent if and only if they are 
(/cini)^ -|- (/^;2^^2)^ — 1-equivalent, and furthermore there exists a polynomial-time 0([(fcini)^ -|- 
(A;2n2)'^]^) algorithm for determining their equivalence, where ki and ^2 are the numbers of 
classical states of Ai and A2, as well as ni and n2 are the numbers of quantum basis states 
of Ai and A2, respectively. 

In general, notation used in this paper will be explained whenever new symbols appear. 
A language L over alphabet S is accepted by a computing model with bounded error if there 
exist A > and e > such that the accepting probability for x G L is at least A -|- e and 
the accepting probability for x L is at most A — e. In this paper, we always consider the 
accepting scheme of machines to be bounded error unless we emphasize otherwise. 
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2. One-way quantum finite automata together with classical 
states 

In this section, we introduce the definition of IQFAC and then prove its recognition 
power of languages. For the sake of readabihty, we first recall the definitions of MO-IQFA, 
MM-IQFA, multi-letter IQFA, and IQFACL. 

2.1. Review of other one-way quantum finite automata 

An MO-IQFA is defined as a quintuple A = {Q, S, \ipo), {J7((T)}o-gS) Qacc), where Q is a 
set of finite states, {ipo) is the initial state that is a superposition of the states in Q, S is a 
finite input alphabet, U{a) is a unitary matrix for each o" G S, and Qacc C Q is the set of 
accepting states. 

As usual, we identify Q with an orthonormal base of a complex Euclidean space and every 
state g G Q is identified with a basis vector, denoted by Dirac symbol \q) (a column vector), 
and {q\ is the conjugate transpose of \q). We describe the computing process for any given 
input string x = aia2 ■ ■ ■ (Jm G S*. At the beginning the machine A is in the initial state |V'o)) 
and upon reading ui, the transformation U{ai) acts on |^o)- After that, C/((Ti)|V'o) becomes 
the current state and the machine reads (72- The process continues until the machine has 
read Um ending in the state \'il)x) = U {am)U {(Tm-i) ■ ■ ■ f/((Ti)|^o)- Finally, a measurement is 
performed on iV'x) and the accepting probability Pa{x) is equal to 

Pa{x) = {lpx\Pa\'^x) = \\Pa\i^x)f 

where Pa = Ylq&Qacc projection onto the subspace spanned by : g G Qacc}- 

Now we further recall the definition of multi-letter QFA [6]. 

A A;-letter IQFA A is defined as a quintuple A = {Q^Tj,\iI)q) ,v,Qacc) where Q, IV'o)) 5], 
Qacc ^ are the same as those in MO-IQFA above, and u'lsa function that assigns a unitary 
transition matrix on C''^' for each string w G ({A} U S)^, where \Q\ is the cardinality of 
Q. 

The computation of a /c-letter IQFA A works in the same way as the computation of 
an MO-IQFA, except that it applies unitary transformations corresponding not only to the 
last letter but the last k letters received. When /c = 1, it is exactly an MO-IQFA as defined 
before. According to [6l[30], the languages accepted by fc-letter IQFA are a proper subset of 
regular languages for any k. 

An MM-IQFA is defined as a 6-tuple A = {Q, S, \ipo), {U (a)} , Qacc, Qrej), where 
QtQacc ^ Q) IV^o); ^5 {t^(<7)}(jGSu{$} ^rc the same as those in an MO-IQFA defined above, 
Qrej ^ Q represents the set of rejecting states, and $ S is a tape symbol denoting the right 
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end-mark. For any input string x = (Ti(T2 • • • am £ 5]*, the computing process is similar to 
that of MO-lQFAs except that after every transition, A measures its state with respect to 
the three subspaces that are spanned by the three subsets Qacc, Qrej, and Qnon, respectively, 
where Qnon = Q \ (Qacc U Qrej)- In Other words, the projection measurement consists of 

{Pa,Pr,Pn} where Pa = EggQ^kX^I, Pr = EqeQ.ei l'?^^'?'' ^" = EggQ\(Q_UQ.e, ) I ^) ' 

The machine stops after the right end-mark $ has been read. Of course, the machine may 
also stop before reading $ if the current state, after the machine reading some ctj (1 < i < m), 
does not contain the states of Qnon- Since the measurement is performed after each transition 
with the states of Qnon being preserved, the accepting probability Paix) and the rejecting 
probability Pr{x) are given as follows (for convenience, we denote $ = am+i)'- 

m+l k—l 
Pa{x) = ^ \\PaU{ak) l[{PnU{ai))\i,o)f, 
k=l i=l 

m+1 k-1 
Prix) = \\PrU{ak) l[{PnU{ai))\i^o)f. 

k=l i=l 

Here we define HILi ^« ~ ^n^n-i • • • Ai. 

Bertoni et al [8] introduced a IQFA, called IQFACL that allows a more general measure- 
ment than the previous models. Similar to the case in MM-IQFA, the state of this model can 
be observed at each step, but an observable O is considered with a fixed, but arbitrary, set 
of possible results C = {ci, . . . , Cn}, without limit to {a, r, g} as in MM-IQFA. The accepting 
behavior in this model is also different from that of the previous models. On any given input 
word X, the computation displays a sequence y G C* of results of O with a certain probability 
p(y|x), and the computation is accepted if and only if y belongs to a fixed regular language 
£ C C*. Bertoni et al [8j called such a language C control language. 

More formally, given an input alphabet S and the end-marker symbol $ ^ S, a IQFACL 
over the working alphabet F = S U {$} is a five-tuple M. = (Q, iV'o)) {U{o')}a&T-, O, C), where 

• Q? IV'o) and U{a) (a G F) are defined as in the case of MM-IQFA; 

• O is an observable with the set of possible results C = {ci, . . . ,Cs} and the projector 
set {P{ci) : i = l,...,s} of which -P(cj) denotes the projector onto the eigenspace 
corresponding to q; 

• C C* is a regular language (control language). 

The input word w to IQFACL M is in the form: w G with symbol $ denoting the 
end of a word. Now, we define the behavior of M on word xi . . . Xn%- The computation 
starts in the state IV'o)) and then the transformations associated with the symbols in the 
word xi . . . Xn% are applied in succession. The transformation associated with any symbol 
cr G F consists of two steps: 



1. First, U{a) is applied to the current state \(f)) of A^, yielding the new state \(f)') = 

2. Second, the observable O is measured on \(f)'). According to quantum mechanics prin- 
ciple, this measurement yields result with probability = ||P(cjt)|0')|p, and the 
state of M. collapses to P{ck)\4>) / -s/Pk- 

Thus, the computation on word xi . . . x„$ leads to a sequence yi ■ ■ ■ yn+i G C* with 
probability p{yi . . . yn+i\xi ■ ■ ■ x„$) given by 

n+l 

p{yi ■ ■ ■ yn+l\xi . . . Xn$) = II JJ P(yi)?7(xj)|V'o)f , (1) 

i=l 

where we let Xn+i = $ as stated before. A computation leading to the word y G C* is said to 
be accepted if y G £. Otherwise, it is rejected. Hence, the accepting probability of IQFACL 
M is defined as: 

VMixi ■ ■ ■ Xn) = ^ p{yi...yn+i\xi...Xn$). (2) 

2.2. One-way quantum finite automata together with classical states 

In Section 1, we gave the motivation for introducing IQFAC. We now define formally the 
proposed model. To this end, we need the following notation. Given a finite set B, we denote 
by TL{B) the Hilbert space freely generated by B. Furthermore, we denote by / and O the 
identity operator and zero operator on T-L^Q), respectively. 

Definition 1. A IQFAC A is defined by a 9-tuple 

A={S,Q,^,r,so,\^o),S,V,M) 

where: 

• S is a finite set (the input alphabet); 

• r is a finite set (the output alphabet); 

• S is a finite set (the set of classical states); 

• Q is a finite set (the quantum state basis); 

• So is an element of S (the initial classical state); 

• \ipo) is a unit vector in the Hilbert space 'H{Q) (the initial quantum state); 

• 5 : S xTi S \s a map (the classical transition map); 
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• U = {Usa}seS,<jeT, where Usa '■ T~L{Q) — ^ T~i{Q) is a unitary operator for each s and a 
(the quantum transition operator at s and a)\ 

• M. = {M.s}s&S where each Ms is a projective measurement over T-L{Q) with outcomes 
in r (the measurement operator at s) . 



{Pg ^ = 
o, 7 / y. 

Furthermore, if the machine is in classical state s and quantum state |^) after reading the 
input string, then HP^^-yl^^)!!^ is the probability of the machine producing outcome 7 on that 
input. 

Remark 2. Map 5 can be extended to a map (5* : S* — )• S as usual. That is, 5*{s, e) = s; for 
any string x G S* and any cr G S, 5*{s,ax) = (5*((5(s, cr), x). 

Remark 3. A specially interesting case of the above definition is when F = {a, r}, where a 
denotes accepting and r denotes rejecting. Then, M = {{Ps,a,Ps.r} : .s G S"} and, for each 
s G 5, Ps,a and Ps^r are two projectors such that Ps^a + Ps,r = and Ps^aPs,r = O. In this 
case, .4 is an acceptor of languages over S. 

For the sake of convenience, we denote the map )U : S* ^ 5, induced by (5, as ijl{x) = 
5*(so,x) for any string x G S*. 

We further describe the computing process of .4 = (5, (5,S,S0) IV'o)) (^jU, Qacc) for input 
string X = (Ti(T2 ■ ■ ■ Cm where CTj G S for i = 1, 2, •• • , m. 

The machine A starts at the initial classical state sq and initial quantum state \i)o). On 
reading the first symbol a\ of the input string, the states of the machine change as follows: the 
classical state becomes /u(ci); the quantum state becomes J/sgo-ilV'o)- Afterward, on reading 
(72, the machine changes its classical state to /i((Ti(T2) and its quantum state to the result of 
applying U^,^^^-)^^ to Us^aMo)- 

The process continues similarly by reading (T3,cr4, • • • ,(T^ in succession. Therefore, after 
reading cr^, the classical state becomes /i(a:) and the quantum state is as follows: 

Un{<Tl—am-2(Tm-l)<^Tn^lJ'{<^l—'^m-3<^m-2)<ym-l ' ' ' ^n{(Tl)(J2^Soai \lpo) ■ (3) 

Let U{Q) be the set of unitary operators on Hilbert space T-L{Q). For the sake of conve- 
nience, we denote the map u : S* ^ U{Q) as: v{e) = / and 

V{x) = f/fi(cTi---(T„i_2CT^-l)CTm^l"(o-l— f^m-30-m-2)o-m-l ' ' ' ^IJ.{cri)(72^Soai (4) 

for X = (Ticr2 • • • am where 0"^ G S for z = 1, 2, • • • ,m, and / denotes the identity operator on 
T-L{Q), indicated as before. 
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By means of the denotations fj, and v, for any input string x € S*, after A reading x, the 
classical state is fj,{x) and the quantum states v{x)\ipo). 

Finally, the probability Prob^^^(a;) of machine A producing result 7 on input x is as 
follows: 

Prob^_^(x) = \\P^(_^)^^v{x)\'il)o)f. (5) 

In particular, when A is thought of as an acceptor of languages over S (F = {a,r}), we 
obtain the probability Prob^^a(2;) for accepting x: 



Prob^,a(a;) = \\P^(^^)^aV{x)\ipo)f- 
For intuition, we depict the above process in Figure [H 
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Figure 1: IQFAC dynamics as an acceptor of language 



Remark 4. If a IQFAC A has only one classical state, then A reduces to an MO-IQFA 
Therefore, the set of languages accepted by IQFAC with only one classical state is a proper 
subset of regular languages (exactly, the languages whose syntactic monoid is a group [9]). 
However, we prove that IQFAC can accept all regular languages with no error. 

Proposition 5. Let T, be a finite set. Then each regular language over T, that is accepted 
by a minimal DFA of k states is also accepted by some IQFAC with no error and with 1 
quantum basis state and k classical states. 

Proof. Let L C S* be a regular language. Then there exists a DFA M = {S,Tj,6, sq, F) 
accepting L, where, as usual, 5 is a finite set of states, sq £ S is an initial state, F O Q 
is a set of accepting states, and 5 : Q x S — )• Q is the transition function. We construct a 
IQFAC A = {S,Q,Ti,T, so,\Tpo),5,\],Ai) accepting L without error, where S, S, sq, and 5 
are the same as those in M, and, in addition, F = {a,r}, Q = {0}, iV'o) = |0), U = {Uga ■ 
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s G 5, (7 G S} with Usa = I for all s G 5" and a £ T,, M. = {{Pg^a, Ps,r} ■ s £ S} assigned 
as: if s G F, then Ps,a = |0)(0| and Ps^r = O where O denotes the zero operator as before; 
otherwise, Ps^a = O and Pg^r = |0)(0|. 

By the above definition of IQFAC A, it is easy to check that the language accepted by 
A with no error is exactly L. □ 

Remark 6. For any regular language L over {0, 1} accepted by a /c state DFA, it was proved 
that there exists a IQFACL accepting L with no error and with 3A; classical states {3k is the 
number of states of its minimal DFA accepting the control language) and 3 quantum basis 
states [23]. Here, for IQFAC, we require only k classical states and 1 quantum basis states. 
Therefore, in this case, IQFAC have better state complexity than IQFACL. 

On the other hand, we show that any language accepted by a IQFAC is regular. In 
order to show this we reduce a IQFAC to a topological automaton and obtain the result as 
a corollary of a more general result about such automata [5l [18]. We start by recalling the 
relevant concepts concerning topological automata (for more details see [18|). 

Definition 7. A class of topological automata is a tuple {0,C,M.) where: 

• O is a topological monoid: O is a metric space and also a monoid for which the multi- 
plication o is a continuous map. O is called the set of operators. 

• C is a metric space; O right acts continuously on C. C is called the set of configurations. 
The action is denoted by •. 

• 7W is a set of continuous maps from C to M. Ad is called the set of measures. Further- 
more, for each m £ Ai, and for each operator o G O, the map m o o is in A^. 

Several classic definitions of automata fit a class of topological automata, including DFA, 
probabilistic and MO-IQFA. The definition of topological automata is as expected. 

Definition 8. A deterministic topological automaton of a class {0,C,A4) over an alphabet 
E is a triple (cq, (Xo-)cr,m) where: 

• Co is a configuration in C called the initial configuration; 

• Xo- is an operator in O for each o" G S; 

• m is a measure in Ai. 

Remark 9. A IQFAC acceptor A = {S, Q, S, F, sq, {tpo)) over S with \S\ = k and \Q\ = n can 
be seen as a topological automaton (cq, (Xo-)^,?^') over the alphabet S and class {0,C,M) 
where: 
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• C is a subset of the real vector space of dimension kn whose elements are A:-vectors c = 
{\ipi))i=o,„k-i where each is a vector of dimension n and \(pi)=0 for alH = . . . A; — 1 
except for one such i, and for that \ipi) is a unit vector. Clearly, C is a metric space 
since it inherits the metric structure of the vector space. 

• O is a subset of the linear transformations in C represented by a matrix kn x kn where 
each column (seen as a matrix k x k,) contains only one non-zero n x n matrix, this 
matrix being unitary. Clearly, this space is a topological monoid, since: (i) it is a 
metric space (inhering the metric of the linear transformations); (ii) it is closed for 
composition; and (iii) the identity belongs to O. Moreover, O acts continuously in C, 
since each / G O is linear, and furthermore, /(c) G C for all c G C and f & O. 

• Ai is the set of continuous maps obtained by computing the square of the Euclidean 
norm after applying a projector in C. 

• Co = i\(poi))i=o...k-i where \ipoi) = for z = 1 ... A; - 1 and \ipoo) = \ipo). 

• is the kn x kn matrix such that at column i + 1 and row j + 1 (seen as a k x k 
matrix), with sj = 6{si, a), we place the n x n unitary matrix Us^a, and the remaining 
part of column i + 1 is 0, for i = . . . k — 1. 

• m(c) = (c|P|c) where P is the projector represented by a fcn x kn matrix such that at 
column i + 1 and row i + 1 (seen as a k x k matrix) has the nxn matrix Pg^^a and is 
elsewhere. 

It is easy to verify that ||-P^(a;).a'^(3^)l'0o)|P = Pi'ob^_a(x) = m(X^.co). Observe that the 
closure of the set {X^iX G S*} is compact since the operators Xx are bounded (indeed the I2 
norm of all Xi is bounded by ^/n). The following result implies that the language recognized 
by a IQFAC acceptor is regular. 

Theorem 10 ([18j). Let L he a language recognized with hounded error hy a topological 
automaton {cQ,{X„)„,m). If {Xx,x G S*} is compact (that is, the monoid generated hy the 
Xi is relatively compact), then L is regular. 

Remark 11. Indeed, without using the above theorem regarding topological automata, we 
can also prove that the languages recognized by IQFAC are regular with an alternative 
method in detail, based on a well-know idea for one-way probabilistic automata by Rabin 
|31j . that was already applied for MM-IQFA by Kondacs and Watrous [19j as well as for MO- 
IQFA by Brodsky and Pippenger [S]. However, the process is much longer and some different 
techniques are needed, since both classical and quantum states are involved in IQFAC. For 
the sake of simplicity, we only present here the technique based on topological automata. 
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3. State complexity of IQFAC 



State complexity of classical finite automata has been an intriguing field with important 
practical applications [32l[37]. In this section, we show certain advantages of IQFAC over 
DFA and other IQFA models. Although IQFAC accept only regular languages as DFA, 
IQFAC can accept some languages with essentially less number of states than DFA and these 
languages can not be accepted by any MO- IQFA and MM- IQFA as well as multi-letter 
IQFA. In this section, our purpose is to prove these claims. 

First, we establish a technical result concerning the acceptability by IQFAC of languages 
resulting from set operations on languages accepted by MO-IQFA and by DFA. 

Lemma 12. Let Ti be a finite alphabet. Suppose that the language Li over S is accepted by 
a minimal DFA with ni states and the language L2 over S is accepted by an MO-IQFA with 
722 quantum basis states with bounded error e. Then the intersection Li r\L2, union Li UL2, 
differences Li \ L2 and L2 \ Li can be accepted by some IQFAC with m classical states and 
712 quantum basis states with bounded error e. 

Proof. Let Ai = (5, S, 5, so,F) be a minimal DFA accepting Li, and let A2 = (Q, S, \ Tpo), 
{U{a)}aeT.,Qacc) be an MO-IQFA accepting L2, where sq G S is the initial state, 5 is the 
transition function, and F C S" is a finite subset denoting accepting states; the symbols in 
A2 are the same as those in the definition of MO-IQFA as above. 

Then by Ai and A2 we define a IQFAC A = {S, Q, S, F, sq, iV'o)) ^-i U, 7W) accepting LinL2, 
where S, Q, S, sq, \tPo), 5 are the same as those in Ai and A2, F = {a, r}, U = {Uga = U{a) : 
s € S,a eT,}, and M = {Mg : s e S} where Ms = {Ps,a, Ps,r} and 



where O denotes the zero operator, and Pg^r = I — Ps,a with / being the identity operator. 

According to the above definition of IQFAC, we easily know that, for any string x G S*, 
if X € Li then the accepting probability of IQFAC A is equal to the accepting probability of 
MO-IQFA A2] if x Li then the accepting probability of IQFAC A is zero. So, IQFAC A 
accepts the intersection Li D L2. 

Similarly, we can construct the other three IQFAC accepting the union L1UL2, differences 
Li\ L2, and L2 \ -^ii respectively. Indeed, we only need define different measurements in 
these IQFAC. If we construct IQFAC accepting LiL) L2, then 





se F; 
s^F. 
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If we construct IQFAC accepting Li \ L2, then 



p 

^ s,a 



If we construct IQFAC accepting L2 \ Li, then 



p 

s,a 



□ 



Now we consider a regular language L^(m) = {wO : w G S*, |tt;0| = km, k = 1, 2, 3, • • • } 
where S = {0, 1}. Clearly, the minimal classical DFA accepting L^{m) has m + 1 states, as 
depicted in Figure [2l 



foo) ^'K fQ2) 0.1, - 0.1, (gl^ 




0,1 

Figure 2: DFA accepting 



Indeed, neither MO-IQFA nor MM-IQFA can accept L^{m). We can easily verify this 
result by employing a lemma from [9l [T5j. That is, 

Lemma 13 ([SlllS]). Let L be a regular language, and let M be its minimal DFA containing 
the construction in Figure 3, where states p and q are distinguishable (i.e., there exists a 
string z such that either 6(j}, z) or 6{q, z) is an accepting state). Then, L can not be accepted 
by MM-IQFA. 




X 



Figure 3: Construction not accepted by an MM-IQFA 

Proposition 14. Let S = {0, 1}. Then neither MO-IQFA nor MM-IQFA can accept L^{m). 

Proof. Indeed, it suffices to show that no MM-IQFA can accept L^{m) since the languages 
accepted by MO-IQFA are also accepted by MM-IQFA [HEllS]. By LemmafTSl we know that 
L^{m) can not be accepted by any MM-IQFA since its minimal DFA (see Figure 2) contains 
such a construction: For example, we can take p = qo, q = Qm, x = 0*", y = 0™~^1, z = e. □ 
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Proposition 15. L^{m) can be accepted by a IQFAC with 2 classical states and 2 quantum 
basis states. 



Proof. Let the languages = {wQ : w G S*} and L(m) = {w : w G = km,k = 

1, 2, 3, • • • }. Then can be accepted by a minimal DFA Ai with 2 states, and L{m) can 
be accepted by an MO-IQFA A2 with 2 quantum basis states. Indeed, Ai can be clearly 
described by Figure 4. A2 can be defined as A2 = {Q,Ti,\'ipo),\],Qacc) where Q = {0,1}, 
IV'o) = |0),U = {[/o,[/i} with 



cos ■ 



sm ■ 



sm ■ 



cos ■ 



and Qacc = {0}. Therefore, the measurement consists of two projection operators Pa = 
and Pr = |1)(1|- It is clear that if x G L2(m), then x can be accepted with no error, and if 
X L2{m) the probability for accepting x is at most cos^ ^. 

According to Lemma [T^ there exists a IQFAC A{m) accepting 

L° n L(m) = L°(m) = {wO : w £ S*, \wO\ = km,k = 1,2,3,- ■ ■ , } 

such that if X G LP{m), then x can be accepted with no error, and if x L^{m) the probability 
for accepting x is at most cos^ ^, and the number of classical states in Aim) is 2 and the 
number of quantum basis states is also 2. □ 








Figure 4: DFA accepting {0, 1}*0 

In the above proposition, we note that if m goes to infinity, then the probability for 
rejecting x LP{m) goes to 0, which is not what we desire. Indeed, by using the technique 
in p], we can overcome this problem. Let us recall an result from [2]. 

Proposition 16 ([2j). Let the language Lp = {a* : i is divisible by p} where p is a prime 
number. Then for any e > 0, there exists an MM-IQFA with 0{log{p)) states such that for 
any x G Lp, x is accepted with no error, and the probability for accepting x ^ Lp is smaller 
than £. 



Indeed, from the proof of Proposition [16] by [2j, also as Ambainis and Freivalds pointed 
out in p] (before Section 2.2 in [2j), Proposition [H] holds for MO-IQFA as well. 

Clearly, by the same technique as the proof of Proposition [16] [2J, then one can obtain 
that, by replacing Lp with L{m) = {w : w G S*, = km,k = 1,2,3, •••} with m being 

15 



a prime number, Proposition [16] still holds (by viewing all input symbols in S as a). By 
combining Proposition [16] with Lemma [T2l we have the following corollary. 

Corollary 17. Suppose that m is a prime number. Then for any e > 0, there exists a IQFAC 
with 2 classical states and 0(log(m)) quantum basis states such that for any x G L^{m), x is 
accepted with no error, and the probability for accepting x LP{m) is smaller than e. 

In summary, we have the following result. 

Proposition 18. For any prime number m > 2, there exists a regular language L^{m) 
satisfying: (1) neither MO-IQFA nor MM-IQFA can accept LP{m); (2) the number of states 
in the minimal DFA accepting LP{m) is m + \; (3) for any e > 0, there exists a IQFAC 
with 2 classical states and 0(log(m)) quantum basis states such that for any x G L^{m), x is 
accepted with no error, and the probability for accepting x ^ L^{m) is smaller than e. 

One should ask at this point whether similar results can be established for multi-letter 
IQFA as proposed by Belovs et al. [6]. 

Recall that 1-letter IQFA is exactly an MO-IQFA. Any given A;-letter QFA can be simu- 
lated by some k + 1-letter QFA. However, Qiu and Yu |30j proved that the contrary does not 
hold. Belovs et al. [6] have already showed that (a -|- b)*b can be accepted by a 2-letter QFA 
but, as proved in [19], it cannot be accepted by any MM-IQFA. On the other hand, a*b* can 
be accepted by MM-IQFA [2] but it can not be accepted by any multi-letter IQFA [30], and 
furthermore, there exists a regular language that can not be accepted by any MM-IQFA or 
multi-letter IQFA [30]. 

To conclude this section, we will prove that, for any m > 2, there exists a regular language 
that can not accepted by any multi-letter IQFA or any MO-IQFA, but there exists IQFAC 
Am accepting the language with 2 classical states and 2 quantum basis states. In addition, 
the minimal DFA accepting this language has 0{m) states. 

Let S be an alphabet. For string z = zi ■ ■ ■ Zn £ T,* , consider the regular language 

{Lz belongs to piecewise testable set that was introduced by Simon [S^ and studied in [25] . 
Brodsky and Pippenger [9] proved that Lz can be accepted by an MM-IQFA with 2n -|- 3 
states.) Let another regular language L{m) = {w : w E S*, \w\ = km, k = 1,2,- ■ ■}. Then the 
minimal DFA accepting Lz needs n + 1 states, and there exists an MO-IQFA accepting L{m) 
with 2 quantum basis states. As a result, according to Lemma [T2] the intersection Lz{m) of 
Lz and L{m) can be accepted by a IQFAC with n+1 classical states and 2 quantum basis 
states. However, the minimal DFA accepting Lz{m) needs m{n+l) states and, in addition, we 
will prove that no multi-letter IQFA can accept Lz{m). The minimal DFA accepting Lz{m) 
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can be described hy A = {Q, S, 5, qo,F) where Q = {Sij : i = 0, 1, . . . , n; j = 1,2,..., m}, 
S = {zi, Z2, ■ ■ ■ , Zn}, qo = Sqi, F = {Sni}, and the transition function 5 is defined as: 



6{Sij,a) 



^n,{j mod m)+l5 if ^ 



'S'i+i,(j mod m)+i> if i 7^ n and o- = Zj+i, 
'S'i,(i mod m)+i , if i / n and (7 / Zj+i . 
Also, the minimal DFA A can be depicted as Figure [5l 



(7) 




Figure 5: The transition figure of the minimal DFA accepting Lz{m). 



The number of states of the minimal DFA accepting L^(m) is m{n + 1). 

For the sake of simplicity, we consider a special case: m = 2, n = 1, and T, = {0, 1}. 
Indeed, this case can also show the above problem as desired. So, we consider the following 
language: 

Lo(2) = {w:w£ {0, 1}*0{0, l}Mt(;| = 2k,k = 1,2,---}. 

The minimal DFA accepting Lq{z) above needs 4 states and its transition figure is depicted 
by Figure [6] as follows. 




Figure 6: DFA accepting w G {0, 1}*0{0, 1}* with \w\ even. 

We recall the definition of F-construction and a proposition from [6]. 

Definition 19 ([6j). A DFA with state transition function 5 is said to contain an F- 
construction (see Figure [7]) if there are non-empty words t,z £ S"'" and two distinct states 
qi,q2 G Q such that 6*{qi,z) = 6*{q2,z) = q2, 6*{qi,t) = qi, 6*{q2,t) = q2, where 11+ = 
S*\{e}, e denotes empty string. 

We can depict F-construction by Figure 7. 




Figure 7: F-Construction 

Lemma 20 ([6]). A language L can be accepted by a multi-letter IQFA with bounded error 
if and only if the minimal DFA of L does not contain any F-construction. 

In Figure [6l there are an F-construction: For example, we consider go and q^, and strings 
00 and 11, from the above proposition which shows that no multi-letter IQFA can accept 
Lo{2). 

According to Lemma [T2l there exists a IQFAC accepting the Lq(2) with 2 classical states 
and 2 quantum basis states. However, from Figure 6 we know that the minimal DFA accepting 
Lq{2) has 4 states. 

In general, we have the following conclusion. 

Proposition 21. For any m > 2, there exists a regular language LQ(m) that can not be 
accepted by any multi-letter IQFA, but there exists a IQFAC Am accepting L{)[m) with 2 
classical states and 2 quantum basis states. In contrast, the minimal DFA accepting LQ[m) 
has 0{m) states. 



If language Lz{m) is considered, then one can obtain a more general result. 
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Proposition 22. For any m > 2 and any string z with \z\ = n > 1, then there exists a 
regular language Lz{m) that can not he accepted by any multi-letter IQFA, hut there exists a 
IQFAC Am accepting Lz{m) with n + 1 classical states (independent of m) and 2 quantum 
basis states. In contrast, the minimal DFA accepting Lz{m) has m{n + 1) states. 

Remark 23. Similarly to the case of Proposition [TSl it is possible to extend the result of 
Proposition [22] to fixed bounded error, using precisely the same technique. In this case we 
have to restrict m to be a prime number. Then for any string z with |2:| = n > 1 there exists 
a regular language Lz{m) that can not be accepted by any multi-letter IQFA, but for every 
£ there exists a IQFAC Am with n + 1 classical states (independent of m) and 0(log(m)) 
quantum basis states such that if x G Lz{m), x is accepted with no error, and the probability 
for accepting x Lz{m) is smaller than e. In contrast, the minimal DFA accepting Lz{m) 
has m(n + 1) states. 

4. Determining the equivalence of IQFAC 

In this section, we consider the equivalence problem of IQFAC. For any given IQFAC 
Ai and IQFAC A2 over the same finite input alphabet S and finite output alphabet F, 
our purpose is to determine whether or not they are equivalent according to the following 
definition. 

Definition 24. A IQFAC ^1 and another IQFAC A2 over the same input alphabet S and 
output alphabet F are said to be equivalent (resp. t-equivalent) if Prob^i^-y(i(;) = Prob^2,7('"^) 
for any S S* (resp. for any input string w with \w\ < t) and any 7 E F. 

In the following, we will present a methods to determine whether or not any two IQFAC 
are equivalent by taking into account the reformulation of IQFAC as topological automata 
(see Remark [9]). For readability, we recall a mathematical model which is not an actual 
computing model but generalizes many classical computing models, including probabilistic 
automata [HI [27] and deterministic finite automata [17] . 

Definition 25. A bilinear machine (BLM) over the alphabet S is a tuple 

M = (5,^,{M(a)Ws,r?), 

where 5" is a finite state set with |5| = n, vr G C^^", r? G C"^^ and M{a) E C"^" for a G E. 

Associated to a BLM A4, the word function fj^ : S* — J- C is defined in the way: fMi'w) = 
■kM{wi) . . . M{wm)f1-> where w = wi . . . Wm S S*. 

Definition 26. Two BLM A^i and M2 over the same alphabet S are said to be equivalent 
(resp. /c-equivalent) if fjviiiw) = fM2i^) w G Ti* (resp. for any input string w with 

\w\ < k). 
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As indicated in [21], if we refer to |27l I36j . then we can find that one can get a general 
result as follows. 

Proposition 27 ( \27\ 136]). Two BLM Ai and A2 with ni and 77-2 states, respectively, are 
equivalent if and only if they are (ni + n2 — 1)- equivalent. Furthermore, there exists a 
polynomial-time algorithm running in time 0{{ni + n2)^) that takes as input two BLM Ai 
and A2 and determines whether Ai and A2 are equivalent. 

Therefore, if we can simulate any IQFAC by an equivalent BLM, then the equivalence 
problem of IQFAC can be solved. Indeed, we can do that with two steps. First, we reformu- 
late a IQFAC as a topological automaton (as presented in Remark[S]), then by bilinearization 
we simulate the resulting topological automaton by an equivalent BLM. More specifically, let 
A = (S*, Q, S, F, So, iV'o)) S,V,Ai) be a IQFAC, where S = {sq, si, • • • , and n = \Q\. 

According to the above technical method, we can design an equivalent topological automaton, 
say, TP{A) = (cq, {Xa)a,m), such that, for any string x S T,* , 

\\P^l(x),'r^{x)\'^Po)f = Prob^,-y(x) = m{X^.co) = cl.Xl.P.X^.co- (8) 
Then by bilinearization technique, we have 



Jq.X^.P.X^. 



Co 



\\co-X.,Pf 
^\co.X^\ijs,,j) 



(CO c*o).iX, X*) ^ IV.,,,) (|V.,j))* 



(9) 

(10) 



where, as we know 



P 



p n 



si,7 








••• 



: J = 1; 2, • • • , n} is an orthonormal base corresponding to those columns of ^5^,7 in 

P. 



Therefore, IQFAC A can be equivalently simulated by a BLM, denoted by 
BLM{A) = {Sa, CO 4, {X„ ^ ^:}aGS, Yl ® (iV's.i))*) 



(11) 



where |S'_4| = kn with k and n being the numbers of classical and quantum basis states, 
respectively. 
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By Proposition[271 we can obtain that two IQFAC Ai = {Si, Qi, S, F, sq, \ip^Q^), (5i, Ui, TWi) 
and A2 = (5'2, Q2, r, to, iV'o^^); '^2, U2, A^2) are equivalent if and only if they are (/cini)^ + 
(fc2'T'2)^ — 1-equivalent, where ki and are the numbers of classical and quantum basis states 
of Ai, respectively, i = 1,2. In addition, there exists a polynomial-time algorithm running 
in time 0{[{kini)'^ + (^271-2)^]'^) that takes as input two IQFAC Ai and A2 and determines 
whether ^1 and A2 are equivalent. We formulate this result as follows. 

Theorem 28. Two IQFAC Ai and A2 are equivalent if and only if they are (/cini)^ + 
(/c2n2)^ — 1-equivalent. Furthermore, there exists a polynomial-time algorithm running in 
time 0{[{kini)'^ + (fc2"-2)^]^) that takes as input two IQFAC Ai and A2 and determines 
whether Ai and A2 are equivalent, where ki and Ui are the numbers of classical and quantum 
basis states of Ai, respectively, i = 1,2. 

Remark 29. The above equivalence result and the existence of polynomial time algorithm 
are derived from Proposition [27] by using a bilinearization method. However, we can also 
directly prove the equivalence result and design a polynomial time algorithm as [2^ fIT\ for 
determining the equivalence of quantum sequential machines and MM-IQFA. However, since 
the process is much more complicated and different techniques are needed, we choose to 
present only the bilinearization method. 

5. Conclusions and problems 

In this paper, we have developed in detail a new one-way QFA model, namely IQFAC. 
IQFAC can accept all regular languages with no error, and, in particular, IQFAC can accept 
some languages with essentially less number of states than one-way DFA, but no MO-IQFA or 
MM-IQFA or multi-letter IQFA can accept these languages. IQFAC contain both classical 
and quantum components. By virtue of the classical component, IQFAC can accept all 
regular languages. Due to the quantum component, IQFAC can accept a subclass of regular 
languages with constant numbers of classical states and quantum basis states but, in contrast, 
the minimal DFA require non constant numbers of states. Therefore, IQFAC have inherited 
the characteristics of DFA but improved on them by employing quantum computing. From 
the viewpoint of computing process, IQFAC may also clearly be realized physically, and 
therefore this is a more practical model of quantum computing with finite memory. 

The technical contributions of the paper are threefold: (1) We have proved that the set 
of languages accepted by IQFAC consists precisely of all regular languages. (2) We have 
established that, for any m > 2, there exist some regular languages Lm whose minimal DFA 
needs 0{m) states, and no MO-IQFA or MM-IQFA or multi-letter IQFA can accept Lm-, but 
there exists IQFAC accepting Lm with only constant classical states (independent of m) and 
two quantum basis states. In particular, when m is restricted to be a prime number, we can fix 
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the bounded error by employing the result of Ambainis and Freivalds [2j. (3) We have proved 
that any two IQFAC Ai and A2 are equivalent if and only if they are (fcini)^ + (/c2n2)^ — 1- 
equivalent, where ki and ^2 are the numbers of classical states of Ai and A2, as well as rii 
and 71-2 are the numbers of quantum basis states of ^1 and A2, respectively; in addition, there 
exists a polynomial-time 0{{kini)'^ + {k2n2)'^)^) algorithm for determining their equivalence. 

To conclude, we would like to propose some problems for further consideration. 

• State complexity of IQFAC: For any given regular language L, if the minimal number 
of states of the DFA accepting L is n, then for any rii < n, whether or not there exists 
a IQFAC accepting L with ni classical states and some quantum basis states? 

• What would be the consequences of relaxing the notion of equivalence between au- 
tomata to equivalence up to el More precisely, for instance, one should investigate the 
equivalence problem when two automata are considered equivalent iff their acceptance 
probability distributions over the strings do not differ more than e at each string. 

• IQFA with control languages (IQFACL), the ancilla IQFA in [26], and the Ciamarra 
IQFA in [TU] also accept all regular languages |22j . and Remark O shows a certain 
advantage of IQFAC over IQFACL in state complexity. Compare the state complexity 
of IQFAC with these IQFA in detail, and how to simulate IQFAC by these IQFA and 
vice- versa? 

• Give regular languages that are accepted by MO- IQFA and IQFAC, but IQFAC have 
both essentially less quantum basis states than MO- IQFA and essentially less classical 
states than their minimal DFA. 

• If IQFAC are allowed to be measured many times, i.e, measurement performed after 
reading each symbol like MM-IQFA, instead only the last symbol, then how about the 
recognition power of IQFAC? 
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